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Abstract

A complete analytical treatment of the 2-dimensional problem of the injection of a Newtonian fluid between two p
plates is presented. Explicit formulas are derived for the shape of the free flow front, the streamlines behind the flow f
velocity, deformation and rotation (orientation) of material elements in the flow front region, and the associated stress
The analysis is based on complex function theory, and in this, the flow region, inclusive the unknown free flow front, is
onto the interior of the unit circle. The mapping function that determines the shape of the flow front is found by solving a
problem. It is analytically found in how far the actual flow front differs from a semi-circular shape, and it is concluded t
semi-circular approximation seems acceptable. Deformations of material line or area elements due to the fountain fl
flow front region are followed in time; large deformation and reorientations of the material elements are observed. Ou
are compared with results in literature obtained by numericalsimulations and by experimental work, and on the whole goo
correspondence is found.
 2003 Elsevier SAS. All rights reserved.
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1. Introduction

Injection moulding, especially in the filling phase, is a process exhibiting several peculiar but interesting aspects.
some: the flow has a free boundary, theflow front, behind which afountain flow occurs. Induced by this fountain flow, chang
of molecular orientation in the injected polymer take place. Questions arise such as: what is the shape of the free flow fro
are the streamlines of the fountain flow directed, and how does the flow deform and reorientate a material line elemen
to the wall of the mould? More advanced questions are: is the shape of the flow front stationary or does it change (“w
and is this flow always stable? In this paper, we will restrict ourselves to injection moulding between two parallel plates
case the mould consists of a narrow striplike (2-dimensional) cavity bounded by two fixed walls.

Many articles have dealt with these subjects. The shape of the flow front was already calculated in the 80ties b
Here, Diereck, [1], and Mavridis et al., [2], used finite element computations to calculate the front shape, whereas Vro
and Kuijpers, [3], introduced a completely analytical approach, leading to an explicit formula for the flow front. Recent pap
show more advanced numerical techniques; e.g., Friedrichs and Güçeri, [4], applied an hybrid 2-D/3-D numerical tech
compute the flow front, and the fountain flow behind it, for a shear-thinning non-Newtonian fluid. Such a 2-D/3-D ap
was also proposed by Almeida et al., [5], by means of a so called Dimensional Reduction Method, based on a m
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Coupez, [7], used a global transport equation to find the flow front position. In [7, Figs. 6 and 7], flow fronts for a New
and a non-Newtonian, shear-thinning, fluid are compared; no great qualitative differences are found. A visualisation of the flo
front behaviour by means of a flow front tracking camera system was recently presented by Yokoi et al., [8]. Results for
streamlines of the fountain flow behind the flow front are incorporated in, e.g., [1,2,10,9]. Mavridis et al., [9], exploiting a
Leonov viscoelastic model, also pictured the deformation of a material fluid element behind the flow front; when com
with earlier results, [2], for a Newtonian fluid, the authors concluded that similar deformation patterns were found. In
interesting figure, depicting the deformation of an initially straight, transverse, material line, can be found.

A paper deserving special interest is the one from Kamal et al., [11], who performed a numerical simulatio
polymer melt. They computed velocity profiles and stresses for two constitutive models: a power-law fluid and a visc
(White–Metzner) model. Comparing the results, they found essentially the same velocity profiles (with only minor quantitative
differences in the transverse profile), but significant differences in the stress profiles. The latter did not so much hol
shear stresses inside the flow front region (see [11, Fig. 7, CP- and (CP+2)-lines]), but the more for the first norm
difference [11, Fig. 8]. The authors also replace, in order to alleviate the singularities occurring at the separation point, t
no-slip condition at the walls by a slip condition in a small region behind the separation point. This modification affects the
behaviour near the walls in the vicinity of the separation point essentially; this shows up most evident in the shear stre
[11, Fig. 5]).

Molecular orientation, especially with regard to aspects such as residual stresses, birefringence, surface defects, and
front instabilities, was studied in a series of references, of which we mention here [6,9,12–15]. In his thesis, Wimberger a
Friedl, [13], mainly focussed on the effects of the molecular orientation on birefringence. Hung and Shen, [14], calcul
fibre orientation using Jeffery’s model for a generalised Newtonian fluid. Vincent et al., [15], looked at the orientation
fibres in reinforced thermoplastics due tofountain flow. Effects on surface defects and on flow front instabilities are thoroughly
investigated by Grillet et al., [16], and by Bogaerds et al., [17,18], respectively.

Except in [3], all the results in the papers listed above are derived by numerical means. For our purposes, we prefe
analytical approach, as in [3], and we want to calculate the shape of the flow front, the velocity field behind the flo
the induced deformation and reorientation of material line elements, and the resulting stresses, all bypurely analytical means.
In doing this, we shall follow the lines set up by Vroonhoven and Kuijpers, [3]; in particular, in Section 3, we shall s
recapitulate how they came to their explicit formula for the shape of the flow front. Starting from this result, we then proce
with the calculations of velocities, deformations, and stresses; this was not done explicitly in [3]. Of course, these purely
analytical calculations can only be done for a simple case. Therefore, we restrict ourselves to a two-dimensional
between two parallel plates of an incompressible Newtonian fluid, with a no-slip boundary condition at the walls of the moul
Thermal effects are not taken into account. The shape of the flow front is fixed and moving with constant velocity. Fa
the flow front, the flow is a Poiseuille flow. The analysis is based on the theory of complex functions, [19], and on a co
mapping of the flow front onto a unit circle. The specific form of this conformal mapping is the principal unknown
problem. Once the mapping is known, all other quantities can be calculated. It turns out that the shape of the flow fron
close to, but not identically equal to, a semi-circle, as is confirmed by several other articles, [1,2] (see also Table 1), [1
(see Fig. 5.9).

In Section 4, the results of Section 3 are further evaluated to explicit formulas for especially the velocity in the flo
region. Other kinematical quantities such as deformations and rotations, as well as dynamical ones as stresses, can the
analytically calculated. The results are presented in Section 5, while the main conclusions are listed in Section 6. As
kinematical results concern, the behaviour as found here corresponds very well with behaviour found in literature for m
more complex fluid models. Therefore, a Newtonian model seems adequate enough to describe in a first order thekinematics of
fountain flow for polymer melts of general constitutivenature (non-Newtonian, nonlinear viscoelastic).

2. Problem description

A fluid is injected with prescribed volumetric flow rate between two infinite parallel plates at distance 2h. The flow is 2-
dimensional in theX–Y -plane; see Fig. 1. The fixed originO of an {OXY } system is midway between the plates, theX-axis
points in the flow direction and theY -axis is perpendicular to the plates (−h < Y < h). In the flow considered here, the flo
front Γf is an unknown free surface. In the next section, we shall show how the shape ofΓf can be determined completely b
analytical means. For this, we restrict ourselves to an incompressible Newtonian fluid model, in which case a fully analyti
solution can be obtained.

We assume the flow so slow, and the viscosity of the fluid so high, that all inertia effects may be neglected (small R
number⇒ Stokes flow). Moreover, the shape of the flow front is taken constant (stationary) and the front moves with c
speedVf .
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Fig. 1. The flow region with moving front between two plates.

Far behind the flow front,1 the flow is a fully developed Poiseuille flow. Here, the velocityV = UeX + V eY is given by

U = 3

2
Vf

[
1−

(
Y

h

)2]
, V = 0. (1)

The actual flow front region is given by the area between the lineAB, see Fig. 1, and the free flow frontΓf . Note that this area
moves with constant speedVf . Therefore, we introduce a comoving frame{oxy}, as depicted in Fig. 1, with the dimensionle
coordinates

x = X − Vf t

h
, y = Y

h
(−1 < y < 1). (2)

In this comoving frame, the flow front is given by

Γf (x, y) = 0, (3)

where the functionΓf (x, y) is still to be determined.
The dimensionless velocityv = u(x, y)ex + v(x, y)ey with respect to the comoving frame is related to the dimensio

absolute velocityV(X,Y, t) by

U = Vf (1+ u), V = Vf v. (4)

The stationary flow of the incompressible Newtonian fluid is governed by the Stokes equation together with the inco
ibility condition. Thisimplies that the velocity componentsu andv are biharmonic functions, which can be expressed in
complex analytical functions.

For the boundary conditions, we have

• at the wallsy = ±1: a no-slip condition, i.e.,V = 0, yielding

u(x,±1) = −1, v(x,±1) = 0; (5)

• for x → −∞: fully developed Poiseuille flow, according to (1), yielding

u(x, y) → u0(y) = 1

2
− 3

2
y2, v(x, y) → 0; (6)

• at the flow front(x, y) ∈ Γf , being a free flow front, we require

T n = −p0n, (7)

whereT is the stress tensor,n is the unit outward normal vector onΓf , andp0 is the environmental pressure;
• finally, we need the free-flow-front condition, stating that the front curveΓf must be a flow line. This is expressed by

(v,n) = 0, for (x, y) ∈ Γf . (8)

1 ‘Far behind the flow front’ means effectively only a few timesh, and more, behind the flow front.
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3. Complex formulation and solution
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In this section, we only present the main lines for the determination ofΓf , by means of the theory of complex functions a
conformal mapping. For the details of the derivations, we refer to [3].

Following [3] (see also [19], Eq. (2.44), withκ = 1), we can express the complex velocityw = u + iv and the stresses i
terms of two complex potentialsΩ(z) andω(z), as (here,z = x + iy, the complex variable,′ means differentiation with respe
to z, andf (z) denotes the complex conjugate off (z))

w(z, z̄) = zΩ ′(z) + ω′(z) − Ω(z),

N(z, z̄) = Txx + Tyy = −2
(
Ω ′(z) + Ω ′(z)

)
, (9)

S(z, z̄) = Txx − Tyy + 2iTxy = 2zΩ ′′(z) + 2ω′′(z).
To eliminate the influence of the environmental pressurep0 and of the flow far behind the flow front (w → u0(y) for
Re(z) → −∞), we writeΩ(z) = Ω0(z) + Ω1(z) andω(z) = ω0(z) + ω1(z), where

Ω0(z) = −1

4

(
1+ 3

2
z2

)
+ 1

2
p0z, ω0(z) = 1

4
z

(
1+ 1

2
z2

)
. (10)

The boundary conditions (5)–(8) in terms ofΩ1(z) andω1(z) become:

zΩ ′
1(z) + ω′

1(z) − Ω1(z) = 0, Im(z) = ±1,

zΩ ′
1(z) + ω′

1(z) − Ω1(z) → 0, Re(z) → −∞,

zΩ ′
1(z) + ω′

1(z) + Ω1(z) = 3

8

(
z2 + 2zz̄ − z̄2)

, z ∈ Γf ,

Re
[(

zΩ ′
1(z) + ω′

1(z) − Ω1(z)
)
(nx − iny)

] = 3

2

(
Im(z)

)2 − 1

2
, z ∈ Γf .

(11)

The basic idea of the method used in [3] is to map the total flow regionGz in thez-plane onto the unit circleG+
ζ in theζ -plane

and then to reduce the problem to a so calledHilbert problem on the unit circle, that can explicitly be solved in terms of
conformal mappingm(ζ ). In this way, the problem of determining the explicit shape of the flow front is tackled compl
by analytical means. The conformal mappingz = m(ζ ), depicted in Fig. 2, is by definition analytic, implying that it can
expressed as an infinite power series, with radius of convergence 1,

m(ζ ) =
∞∑

k=0

µkζ
k, (12)

which will be approximated by the truncated series

mN(ζ ) =
N∑

k=0

µkζ
k. (13)

Note that, as the shape ofΓf is unknown, the real coefficientsµk in (13) are still unknown.
Next,Ω1(z) andω1(z) are replaced by functions ofζ by means of the substitutionz = mN(ζ ), yielding

ΩN(ζ ) = Ω1
(
mN(ζ )

)
, ωN (ζ ) = ω1

(
mN(ζ )

)
, (14)

for ζ ∈ G+
ζ .

Fig. 2. The conformal mapping ofGz onto the unit circleG+
ζ .
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For the evaluation of the fourth boundary condition of (11), we need the analytical continuation ofΩN(ζ ) to the exterior
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spaceGζ of the unit circle, which is denoted byΨN(ζ ). As shown in [3], this leads to the formulation of the followingHilbert

problem for ΨN ; see [3, (4.13), (4.14)] (here,Ψ ±
N

(ξ) = lim
ζ→ξ, ζ∈G±

ζ
ΨN (ζ ))

Ψ +
N (ξ) − Ψ −

N (ξ) = 0, ξ ∈ A′E′D′B ′,
Ψ +

N (ξ) + Ψ −
N (ξ) = gN(ξ), ξ ∈ Γ ′

f , (15)

where

gN(ξ) = 3

8

(
mN(ξ)2 + 2mN (ξ)mN(ξ) − m2

N(ξ)
)
. (16)

The solution procedure of (15) is described in detail in [3], where it is shown that the solution can be split up into a pa
solution and a homogeneous one, as

ΨN(ζ ) = X(ζ )GN(ζ ) + X(ζ )FN(ζ ), (17)

whereX(ζ ) is thePlemelj function:

X(ζ ) = (ζ − i)1/2(ζ + i)1/2, ζ ∈ C \ Γ ′
f , (18)

satisfying

X+(ξ) + X−(ξ) = 0, ξ ∈ Γ ′
f , (19)

while GN is defined by theCauchy integral,

GN(ζ ) = 1

2π i

∫
Γ ′

f

gN(ξ)

X+(ξ)(ξ − ζ )
dξ, (20)

andFN is a polynomial of degreeN − 1,

FN(ζ ) =
N−1∑
k=0

fkζ
k, (21)

the coefficients of which can be determined by means of the holomorphy condition (see Section 4).
The Plemelj functionX(ζ ) has branch points atζ = ±i, and the cut, joining−i with infinity, is defined in such a way tha

see [19],

X(ζ ) = −
√

1+ ζ2, ζ ∈ G+
ζ , X(ζ ) =

√
1+ ζ2, ζ ∈ G−

ζ . (22)

As will be shown in Section 4, the functionΨN(ζ ) can be explicitly expressed in the coefficients of the conformal map
mN (ζ ).

Finally, for the determination ofmN(ζ ) we need the flow-front condition(v,n) = 0 on Γ ′
f

, as expressed by the four
boundary condition of (11), which can be evaluated into (compare with [3, (4.8)])

Re

([
1

2
− 3

2

(
Im m(ξ)

)2 + gN(ξ) − 2Ψ +
N (ξ)

]
ξm′

N(ξ)

)
= 0, ξ ∈ Γ ′

f . (23)

What remains now is the calculation ofµk , k = 0,1, . . . ,N , from (23). The latter step can only be done numerically (howe
by a very simple procedure). Results for several values ofN are presented by Vroonhoven and Kuijpers in [3]. As an exam
for the caseN = 3 they found

µ0 = −0.04287, µ1 = 0.98349, µ2 = −0.04287, µ3 = −0.01651. (24)

In Fig. 3, the exact flow front is compared with a semi-circle, and a reasonable resemblance is found; a similar result is
[2, Figs. 13, 14]. Moreover, in all the references cited in Introduction in which a flow front is found (including shear-th
fluids) the maximal deviation from a semi-circle is between 0 and 10 percent.

In [3], Vroonhoven and Kuijpers presented explicit results only for the shape of the global flow front (it was gl
indicated how the velocity can be calculated, once the coefficientsµk are know, but this was not evaluated there). However
explicit (analytical) expression for the velocity in the flow front, and the stresses there, is just what we want to find.
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Fig. 3. The flow front forn = 3 (full line) andn = 4 (dash-dotted line) compared with a semi-circle (dashed line).

In [3], see (4.9) and (4.15), the following expression for the complex velocitywn(ζ ), for ζ ∈ G+ , was derived:

wN(ζ ) = 1

2
− 3

2
Im

(
mN(ζ )

)2 + wN1(ζ ), (25)

wherewN1(ζ ) is given by

wN1(ζ ) = ΨN(1/ζ̄ ) − ΨN (ζ ) + mN (ζ ) − mN(1/ζ̄ )

m′
N

(ζ )
Ψ ′

N
(ζ ), (26)

andΨN(ζ ) is given by (17).
In the next section we shall show thatΨN(ζ ) can be determined as

ΨN(ζ ) = 1

2
gN(ζ ) − 1

2
X(ζ )

( −1∑
k=−2N

akζ
k +

2N−1∑
k=0

bkζ
k − 2

N−1∑
k=0

fkζ
k

)
, (27)

for ζ ∈ C \ Γ ′
f

, where

gN(ζ ) = 3

8

(
m2

N(ζ ) + 2mN(ζ )mN(1/ζ̄ ) − m2
N(1/ζ̄ )

)
(28)

(note thatgN(ξ) is the limit ofgN(ζ ) for ζ → ξ ∈ Γ ′
f ) andak andbk are the coefficients in the Laurent series

gN(ζ )

X(ζ )
=

∞∑
k=−2N

akζ
k, ζ ∈ G+,

gN (ζ )

X(ζ )
=

2N−1∑
k=−∞

bkζ
k, ζ ∈ G−.

(29)

The coefficientsak , bk , andfk will be calculated in terms of theµk ’s, k = 0,1, . . . ,N , in the next section.
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4. Further evaluation of the results of Section 3

in an

n

As mentioned in the previous section, ifN is given andµk for k = 0, . . . ,N known, we can determine the coefficientsak ,
bk andfk analytically. In this section, we will outline the procedure how to do this, and how this will eventually result
explicit expression for the complex velocitywN(ζ ).

The coefficientsak andbk follow from their definitions, (29), and can be calculated explicitly in terms ofµk , µk ∈ R. For
this, we start with the analytical functiongN(ζ ) introduced in (28), in which we eliminatemN(ζ ) by use of (13). Thus, we
obtain, forζ ∈ C\{0},

gN(ζ ) = 3

8

( 2N∑
i=0

N∑
j=0

µj µi−j ζ i + 2
N∑

i=−N

N∑
j=0

µjµj−i ζ
i −

0∑
i=−2N

N∑
j=0

µj µ−j−i ζ
i

)
, (30)

where we defineµi = 0 for i < 0 or i > N .
Developing 1/X(ζ ) for ζ ∈ G+

ζ (with use of (22)) into powers ofζ , combining this with (30), and using this in the definitio
of ak , (29), we obtain

ak =
2N∑
i=0

λk−i

N∑
j=0

µj µi−j + 2
N∑

i=−N

λk−i

N∑
j=0

µj µj−i −
0∑

i=−2N

λk−i

N∑
j=0

µj µ−i−j , (31)

for k � −2N , with λj equal to

λj :=

−3

8

(−1/2

k

)
, for j = 2k, k ∈ N ∪ {0},

0, for j odd orj < 0,

(32)

where
(−1/2

k

)
is defined according to(−1/2

k

)
= (−1)k

4k

(2k)!
(k!)2 , k ∈ N ∪ {0}. (33)

Analogously, we can developgN(ζ ) andX(ζ ) as Taylor series forζ ∈ G−
ζ , rendering the following equation forbk

bk =
0∑

i=−2N

γ−k−i

N∑
j=0

µj µ−i−j + 2
N∑

i=−N

γ−k−i

N∑
j=0

µj µi+j −
2N∑
i=0

γ−k−i

N∑
j=0

µj µi−j , (34)

wherek < 2N − 1, andγj is given by

γj :=



3

8

(−1/2

k

)
, for j = 2k + 1, k ∈ N ∪ {0},

0, for j even orj < 0.

(35)

In order to calculatefk , we first need to find an explicit expression forGN(ζ ) in terms ofak , bk andgN . Consider the following
integrals

I1(σ ) := 1

2π i

∫
L

gN(ζ )

X(ζ )(ζ − σ)
dζ,

I2(σ ) := 1

2π i

∫
CR

gN(ζ )

X(ζ )(ζ − σ)
dζ,

(36)

where L is a contour enclosingΓ ′
f , but such that the points 0 andσ lie outside L, while CR is a circle with radius

R > max{1, |σ |} as depicted in Fig. 4. By taking into account that

gN(ζ )

X(ζ )(ζ − σ)
= O

(
δ−1/2)

, for |ζ ± i| =: δ → 0, (37)

and by using (19) and (20), we find the following expression forI1(σ )

I1(σ ) = 1

2π i

∫
Γ ′

f

gN (ξ)

X+(ξ)(ξ − σ)
dξ − 1

2π i

∫
Γ ′

f

gN(ξ)

X−(ξ)(ξ − σ)
dξ = 2GN(σ). (38)
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ial
Fig. 4. ContoursL andCR .

SincegN(ζ )/X(ζ ) is holomorphic outsideCR andσ is a point insideCR , the integralI2(σ ) is equal to the residue of th
integrand in infinity (see [19, Eq. (1.15)]) and thus we find the following expression forI2(σ ), with use of (29),

I2(σ ) = −
2N−1∑
k=0

bkσ
k. (39)

From the residue theorem of Cauchy, it follows that

I1(σ ) − I2(σ ) = Resζ=σ
gN (σ )

X(ζ )(ζ − σ)
+ Resζ=0

gN(σ )

X(ζ )(ζ − σ)
= gN(σ )

X(σ )
−

−1∑
k=−2N

akσ
k. (40)

Combining (38)–(40), we find the following expression forGN(ζ ), valid in C\{Γ ′
f },

2GN(ζ ) = gN(ζ )

X(ζ )
−

−1∑
k=−2N

akζ k −
2N−1∑
k=0

bkζ k. (41)

From the first equation of (29), we see that the singularity inζ = 0 is removable. For|ζ | → ∞, the second equation of (29
yields

2GN(ζ ) =
2N−1∑
k=−∞

bkζ
k −

−1∑
−2N

akζ k −
2N−1∑
k=0

bkζ k = O

(
1

ζ

)
. (42)

So, the functionGN is holomorphic inC\{Γ ′
f
}, including the point at infinity. We proceed with the calculation of the polynom

FN(ζ ) by considering the holomorphy condition, expressing that the analytical functionω′
N(ζ ) must remain finite forζ → 0.

According to [3, (5.12)] this condition reads (for convenience, we have divided the condition of [3] by X(ζ ), which is allowed
becauseX(0) is bounded;X(0) = −1)

−ω′
N(ζ )

X(ζ )
= −m′

N(ζ )ΨN(1/ζ̄ )

X(ζ )
+ mN(1/ζ̄ )Ψ ′

N(ζ )

X(ζ )
= O(1), for ζ → 0. (43)

Since (see (22))

X(1/ζ̄ ) = − 1

ζ
X(ζ ), (44)

we obtain from (17) with the aid of (42), forζ → 0,

ΨN(1/ζ̄ )

X(ζ )
= − 1

ζ

(
GN(1/ζ̄ ) + FN(1/ζ̄ )

) = − 1

ζ
FN(1/ζ̄ ) + O(1), (45)

according to (42).
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Moreover,

w is
ximated

wever,
e use
,
t, where
sults
relevant
X′(ζ ) = ζ

ζ2 + 1
X(ζ ), (46)

from which it follows that

Ψ ′
N

(ζ )

X(ζ )
= d

dζ

(
ΨN(ζ )

X(ζ )

)
+ ζ

ζ2 + 1

ΨN(ζ )

X(ζ )
= G′

N(ζ ) + F ′
N(ζ ) + ζ

ζ2 + 1

(
GN(ζ ) + FN(ζ )

)
. (47)

For ζ ∈ G+
ζ , we may approximateGN(ζ ) by means of a Taylor series development around the pointζ = 0, according to

GN(ζ ) =
∞∑

j=0

gj ζ j , (48)

wheregj follows from (41), with use of (29), as

gj =




1

2
(aj − bj ), for 0� j < 2N,

1

2
aj , for j � 2N.

(49)

Substitution of (13) and (45)–(49) into (43) renders the following asymptotic expansion forω′
N

(ζ )/X(ζ ), for ζ → 0,

−ω′
N(ζ )

X(ζ )
= ζ−N

N−1∑
i=0

(
i∑

j=0

(j + 1)µj+1fN−1−i+j

)
ζ i + ζ−N

N−1∑
i=0

(
i∑

j=0

(j + 1)µN−i+j (gj+1 + fj+1)

)
ζ i

+ ζ−N
N−1∑
i=1

(
i−1∑
j=0

µN+1−i+j

j∑
l=0

βl(gj−l + fj−l )

)
ζ i + O(1), (50)

with

βj :=
{

(−1)n, for j = 2n, andn ∈ N ∪ {0},
0, for j odd orj < 0,

(51)

and wherefN is to be taken equal to zero. The requirement that the right-hand side of (50) must be finite forζ → 0, leads us to
the following set of linear equations, from whichfk , 0� k � N − 1, can be calculated in terms ofµk andgk ,

i∑
j=0

(j + 1)
(
µj+1fN−1−i+j + µN−i+j (gj+1 + fj+1)

)

+
i−1∑
j=0

µN+1−i+j

j∑
l=0

βl(gj−l + fj−l ) = 0, for 0� i � N − 1, (52)

wherefN = 0.
Now that we have foundak , bk , andfk , in terms ofµk , we can use this in (27), to obtain an expression forΨN(ζ ), after

which we can calculate the complex velocitywN from (25) and (26) in any point in the flow front area, where a fountain flo
observed. In the next section, this will be made explicit with numerical results for the velocity components for the appro
case:mN(ζ ) = ζ , that is in case the flow front is approximated by a semi-circle.

4.1. Results for a circular flow front approximation

We will now calculate explicit numerical values for the velocity inside the flow area, close to the flow front region. Ho
we will do this only within an approximation, in which we approximate the flow front by a semi-circle, meaning that w
z = m(ζ ) = ζ . Although results of [3] show thatµ1 ≈ 1 and dominant over the other coefficientsµk (see for instance (24))
this is certainly not exactly true. However, as we are especially interested in the flow behaviour close to the flow fron
this approximation is best, this seems to us an acceptable approach. We could just as well have used the, more exact, re
for N = 3 as given in (24), and in fact for a part we did so, but not only were the calculations more complex then, the
results were nearly the same (differences less then a few percent).
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Therefore, we stick to this approximation, for which we haveN = 1 andµ0 = 0 andµ1 = 1. This implies that in (27), we
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only need to know the coefficientsa−2, a−1, b0, b1, andf0. From (31), (34), and (52), we obtain

a−2 = b1 = 2f0 = 3

8
, a−1 = b0 = 0. (53)

For g(ζ ) (we omit the indexN (= 1) from now on) we obtain from (28)

g(ζ ) = 3

8

(
ζ2 + 2− ζ−2)

, (54)

and all this leads us with (27) to the following expression forΨ (ζ )

Ψ (ζ ) = 3

16

[
ζ2 + 2− ζ−2 ±

√
1+ ζ2

(
ζ−2 − 1+ ζ

)]
, ζ ∈ C \ Γ ′

f , (55)

where the+sign holds forζ ∈ G+
ζ and the−sign forζ ∈ G−

ζ .

This means that forζ ∈ G+
ζ , when 1/ζ̄ ∈ G−

ζ ,

Ψ

(
1

ζ̄

)
= 3

16

[
ζ̄−2 + 2− ζ̄2 −

√
1+ ζ̄2

(
ζ̄ − ζ̄−1 + ζ̄−2)]

. (56)

From (25) and (26) and withm(ζ ) = ζ = z, the following expression for the total complex velocityw(ζ ) = w(z) in the flow
front region,z ∈ G+

ζ , follows

w(z) = 1

2
+ 3

8
(z − z̄)2 − Ψ (z) + Ψ

(
1

z̄

)
+

(
z − 1

z̄

)
Ψ ′(z). (57)

The use of (55) and (56) in (57) results in an explicit, completely analytical, expression forw(z) in terms ofz = x + iy andz̄.
This expression will be used in the next section to calculate the velocity field of the fountain flow in the flow front regio

5. Velocity field, deformation and rotation, and stresses behind the flow front

The results of Section 4 will be used here to calculate the velocity field in and behind the flow front region. Th
calculated velocity is an approximation of the actual velocity in the fluid, only accurate in the flow front region (Re(z) > 0).
Some distance (a few timesh) behind the flow front region, we assume the flow to be a Poiseuille flow. In Fig. 5(a), the ve
profiles at the border of the flow front region, i.e., at Re(z) = 0, according to (57) are compared to a fully developed Poise
flow. This figure shows that the differences there are already small (less than 10%).

Typical streamline patterns are depicted in Fig. 5(b), showing the streamlines relative to the flow front; this figure
demonstrates the fountain flow effect. We note that these streamlines are calculated by the method presented in
but not for the circular flow front approximationµ1 = 1, but for theµ-values according to (24). Comparing these res
with results found by numerical means in, e.g., [1], [2, Fig. 8], [9], and [10, Fig. 4], a practically complete correspond
found. In [2], see Figs. 13, 14, the numerically simulated shape of the flow front shows a close resemblance to a se
in correspondence to our Fig. 3. This motivated our choice made in Section 4 to approximate the flow front by a sem
Moreover, it is noticeable that noqualitative differences are found in [2] between the numerical simulations for Newtonian and
for shear-thinning fluids.

In analogy with [9,6], we have analysed the behaviour (deformation, rotation) of material, line or surface, elem
injection flow. In Figs. 6 and 7, we show the behaviour of a rectangular material element entering the fountain flow re
the first figure, the behaviour relative to the flow front (i.e., in a co-moving frame) is illustrated, while the same behavi
now in an inertial frame, is presented in the second figure. We observe how the element is stretched, spills over when
the flow front, and becomes very strongly stretched at the wall. Further we notice in Fig. 7 that the tail of the stretched
remains normal to the wall up to the very last moment of reaching the fixed wall.

Following [6], we also looked at the deformation of an initially straight transverse line; the result is depicted in Fig.
latter figure shows striking alikeness with Fig. 5 in [6], obtained from finite elements calculations for a Carreau fluid.
especially the typical V-shapes near the wall in the last picture. Finally, we show the behaviour of a material element c
of two material line elements, initially forming a right angle in Fig. 9. We see that the right angle is folded to a smal
angle. Moreover, following the element initially orientated in the axial direction, we once more notice that this line ele
orientated almost normal to the wall when approaching this wall, and only when it is very near to the wall it suddenly fli
to an orientation parallel to the wall. In practice, the polymer melt solidifies at the cooled walls immediately after inj
forming solid (glass) layers at the walls. This means that the polymer chains that are initially in axial direction, will be
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(a) (b)

Fig. 5. (a) The velocity components at the borderx = 0 of the flow front region (axial velocityu: full line; transverse velocityv: dashed line)
compared with the axial velocity in Poiseuille flow (dot-dashed line); (b) Streamlines in co-moving frame.

Fig. 6. Behaviour in time of an initially rectangular area element when passing through the flow front region, relative to the flow front.

Fig. 7. Behaviour in time of an initially rectangular area element when passing through the flow front region, with respect to the ine
coordinate system.

in having an orientation perpendicular to the walls. This has an essential effect on the frozen-in stresses, and then a
birefringence, near the walls. This effect is confirmed by numerical simulations and experimental observations, see,
Section 5.1].

The stresses in the fluid, especially in the flow front region, can be calculated from (9). For the stresses, we are inte
the following aspects:

(1) The pressurep, given by

p = −1

2
(Txx + Tyy) = −1

2
N(z, z̄) = Ω ′

1(z) + Ω ′
1(z) − 3

4
(z + z̄) = p(x, y). (58)
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Fig. 8. Deformation of an initially straight transverse line element at four increasing times.

Fig. 9. Transformation of a material element consisting of two line elements, initially forming a right angle.

We have plottedp along the upper wall (y = 1, x < 0) and the upper part of the flow frontΓf (x2 +y2 = 1, x > 0, y > 0)
in Fig. 10. This graph shows a singularity in the point(x, y) = (0,1). Our analysis predicts that this singularity has an or
of −1/2 (a square root singularity); this can be inferred from the behaviour ofΨ ′, and more specifically from that of th
Plemelj function in it, forz → ±i. The result found here is in good correspondence with that found in [2, Fig. 11
shear-thinning fluids.
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Fig. 10. Pressure along the upper wall and the upper part of the flow front.

Fig. 11. Shear stressTxy along the border linex = 0.

(2) The first normal stress differenceN1, can be found from

N1 = Txx − Tyy = ReS(z, z̄) = zΩ ′′
1 (z) + zΩ ′′

1 (z) + ω′′
1(z) + ω′′

1(z) = N1(x, y). (59)

However, we did not depict the results, because we do not expect that our Newtonian model will give a realistic p
this normal stress difference due to the strong stretches observed in the flow front region. These large elongations
rightly be incorporated by a nonlinear viscoelastic model, that accounts for the highly elastic influence on the (
stresses caused by these elongations.

(3) The shear stressTxy , given by

Txy = 1

2
ImS(z, z̄) = 1

2

(
zΩ ′′

1 (z) − zΩ ′′
1 (z) + ω′′

1(z) − ω′′
1(z) − 3

4i
(z − z̄)

)
. (60)

In Fig. 11, the shear stress along the borderx = 0 of the flow front region is plotted as a function ofy for 0< y < 1. We see
almost linear behaviour on the main part of this line; only in the end point neary = 1 a very steep behaviour representi
the square root singularity in the stress at the separation pointx = 0, y = 1 is observed. This behaviour is characteristic
Newtonian fluids, when a no-slip condition is maintained (compare for instance with [11, Fig. 5]).



584 H.J.J. Gramberg et al. / European Journal of Mechanics B/Fluids 23 (2004) 571–585

6. Conclusions
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12.
A complete analytical model has been developed for the injection moulding of a Newtonian fluid between two paralle
Explicit formulas have been derived for the shape of the free flow front (a free-boundary problem) and for the descr
the fountain flow in the flow front region. These analytical results were derived by using complex function theory, incl
conformal mapping of the flow front onto a circle. The problem was reformulated in terms of a Hilbert problem, that c
solved by means of Plemelj functions. These Plemelj functions are characteristic for the singularities in the separation poin
where the fluid separates from the fixed wall. A square root singularity in the stresses is found there. For a global charac
of the flow, the approximation of the actual flow front by a semi-circle is appropriate; this seems to hold irrespective
rheology of the fluid. It was found that the velocity distribution at the border of the flow front region was very close
of the Poiseuille flow. This supports the expectation that the flow will be a fully developed Poiseuille flow already a few time
(2 or 3) the thicknessh behind the flow front. For the region behind the flow front, the full formula form(ζ ) according to (13)
and (24) must be used; thus obtained results (not published in this paper) confirm the expectation mentioned above
performed a few calculations using the full formula form(ζ ), e.g., for calculating the flow patterns within the flow front regio
only minor differences with the results published here form(ζ ) = ζ are found.

Comparison with existing literature reveals that our theoretical/analytical results show on the whole very goo
correspondence with numerical and experimental results reported in literature, both qualitative and, whenever possibl
quantitative. Kinematical results, such as flow-front shape, velocities, and deformations and rotations (orientation), seem
be quite insensitive to the rheology of the fluid. Of course, this does not hold for the stresses, especially for the norm
differences, which are very sensitive to elastic effects. These elastic effects become dominant whenever large elongat
as in the fountain flow in the flow front region. Moreover, this insensitivity is only present for regular flows; in instability
investigations, see [17,18], the specific rheology becomes crucial. Nevertheless, for the unperturbed flow, the rheol
less relevant.

As our results are purely analytical, they can be incorporated in further research to typical aspects of the free flow fr
motion in injection moulding. To mention two examples, the flow patterns found here can be used:

• As input for the convection–diffusion temperature problem that is related to the injection moulding of a hot polym
into a cold mould. This problem, and specifically the thermal boundaries that show up in it, will be the subject
forthcoming paper [20]; see also [21].

• As an unperturbed solution forstability problems investigating the (in)stability of slightly perturbed flow front motions
(“wobbling of the flow front”). When incorporating also thermal effects by means of [20], the influence of temperatu
e.g., viscosity, and after that the influence of all this on the free motion of the flow front, the effect of an initial asym
perturbation on the motion of the front can be analysed; see [21,22]. The instability of the flow front motion is an im
problem in the practice of injection moulding, as it causes surface defects on the final product; see [16–18].
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